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INTRODUCTION 
Thermal expansion, the isobaric change în volume resulting From a 
change in temperature, is directly related to the volume dependence of the 
interaction energies in a solid. Experimentally, the thermal expansion 
coefficient is one of the three independent thermodynamic derivatives which 
can be measured directly. These three derivatives, the thermal expansion 
coefficient, the specific heat and the bulk modulus, completely character­
ize a solid when measured over a range of temperature and pressure. 
The application of the basic theory of the equation of state of solids 
to thermal expansion is due largely to Gruneisen who showed that to a first 
approximation the thermal expansion coefficient should be proportional to 
the specific heat. Early measurements on a number of materials tended to 
1 2 
confirm this. Later more precise work by Bijl and Pull an, and Rubin, 
Altman and Johnston,^ however, showed deviations from Gruneisen's theory. 
These results, although somewhat uncertain, prompted theoretical calcu-
k  5  6 
lations for various lattice models by Barron ' and Blackman which 
showed that the deviations could be expected with the greatest departure 
from Gruneisen's theory occurring at temperatures of the order of 0.28^, 
where 9^ is the characteristic Debye temperature of the solid. Since the 
thermal expansion coefficient decreases rapidly as the temperature 
approaches zero, conventional thermal expansion techniques (X-ray, optical, 
interferometer, lever, etc.) do not have sufficient sensitivity at low 
temperatures and only in the last decade have techniques been developed 
to study thermal expansion below 20 K.^ 
The present work describes measurements on copper, silver, gold and 
aluminum. These particular materials were chosen for several reasons. The 
noble metals generally are regarded as the prototype monovalent face-
centered cubic metals and considerable experimental and theoretical work 
exists on both the lattice and electronic properties of the series. Data 
exist from several types of experiments which can be correlated with 
expansion results. Measurements of the elastic constants and their pressure 
derivatives can be compared with low temperature lattice expansions, and 
data on the pressure variation of the Fermi surface can be compared with 
electronic expansion effects. In addition, copper has become in practice 
the best material for the intercomparison of low temperature thermal ex­
pansion data since several measurements have been made using various 
techniques. Aluminum was measured in conjunction with the noble metals 
since its heat capacity exhibits an anomalous dispersion similiar to that 
of gold. Also, since aluminum is a superconductor, its electronic thermal 
expansion coefficient can be obtained indirectly from the temperature and 
8 9 
pressure dependence of its critical field curve. ' 
Basic Theory 
The thermal expansion coefficient as defined by 
P 
( 1 )  
can be calculated from the Helmholtz free energy (F = U - TS) as 
3  
where the isothermal bulk modulus, is given by 
T 
(3) 
If a system is in thermodynamic equilibrium and at a uniform temperature 
the various contributions to the free energy are additive and hence various 
contributions to the thermal expansion coefficient are additive also. For 
a typical substance the total thermal expansion could be the sum of terms 
due to lattice vibrations, "free" electrons, magnetic interactions, etc. 
This work is concerned with nonmagnetic metals and thus expansion con­
tributions arise only from the lattice and conduction electrons. 
Lattice contribution 
The lattice thermal expansion results from anharmonic effects in the 
crystal potential energy. It has been shown that an idealized crystal 
with nearest neighbor harmonic forces would exhibit no thermal expansion; 
such a solid would be mechanically unstable, however, and no such crystals 
exist.^ Since little is known about the specific contributions of the 
various anharmonic terms to the lattice potential energy, lattice thermal 
expansions generally are discussed in terms of the quasi-harmonic approxi­
mation which neglects the explicit anharmonic contributions to the energy 
and instead considers the harmonic force constants to be volume dependent. 
In this approximation a lattice of N ions has a potential energy of the 
form 
3N 
rp = cp^ + 1/2 E a-j-q-qj + O(q^) (4) 
k 
where co^ = co^(\/) is the static lattice potential energy, the a.^ = a.j(V) 
are the harmonic coupling constants and the q. are displacement vectors 
from equilibrium. The sum is over the 3N normal modes of the N ions. The 
assumption is made that the normal modes are sufficiently coupled (by im­
perfections, anharmonic effects, etc.) so that thermal equilibrium exists. 
The coupling must be weak enough, however, so that the normal modes are 
well defined and hence each can be treated as a simple harmonic oscillator. 
The system then has the energy 
= E^(V) + S (n. + 1/2) Au). (V) (5) 
where E^(V) is the static lattice energy, n, and m, are the quantum number 
and characteristic frequency of the ith mode, and E^ refers to one unique 
set of the n.'s. The vibrational frequencies, ou. (V), are now volume de­
pendent due to the assumed volume dependence of the harmonic coupling 
constants. The Helmholtz free energy for the system is obtained via the 
partition function^^ 
Z = S exp(-E^/kgT) (6) 
all allowed n 
F = -kgT InZ 
Co + Z Fi 
E + k_T Z ln[2sinh(Aw./2k_T)] . (7) 
O D lb 
5  
Equation (2) then can be used to obtain the thermal expansion coefficient 
as 
P = Z P; 
i ' 
T I I 
where 
^i = -
ôlnu). (V) 
ainv (9) 
2 2 
is the dimensionless Brunei sen parameter and = -T(ô F./ôT is the 
Einstein specific heat for the ith mode. Gruneisen's relation for the bulk 
sol i d 
7 0  
p = vb; 
now follows if 7 is defined as 
Ç ?,Gv. 
7 = J 1 (11) 
? Cv. 
I I 
7  can have an explicit temperature dependence (usually small) since the 
7j's may differ for different lattice vibration modes. The product VB^ is 
constant (to a first approximation) and hence the thermal expansion co­
efficient is expected to be almost proportional to the specific heat. This 
statement, known as Gruneisen's rule, is experimentally found to be valid 
for many solids over wide temperature ranges with 7 approximately constant 
and between 1 and 3 in magnitude. 
At sufficiently high temperatures (T > 9^) all modes are excited and 
= kg. Hence 7 approaches a constant limiting value 
6  
= '-» = 3Nfi • H2) 
At low temperatures (T « 9^) the most direct approach is to assume 
that the lattice free energy can be expressed as 
F = Tf(T/0) (13) 
where the volume dependence of F is due entirely to the volume dependence 
of a characteristic temperature 8(V). It follows immediately that the 
specific heat is = g (%/ <9) and when the differentiations of Equation (2) 
are carried out Grlinei sen's relation is obtained [Equation (10)] with 
7 = -S 
At sufficiently low temperatures the Debye model is valid and 8 becomes 0^ 
the Debye characteristic temperature with 
dl n@ 
The specific heat for a Debye solid is given by 
C = 234Nk_(T/8 (16) 
V D o 
and so the lattice thermal expansion varies as in the limit as 
T - 0 K. 
Since 9^ is related to the velocity of sound in the continuum limit 
of a solid, the GrUneisen parameter also can be obtained from elastic con­
stant measurements and the results compared with thermal expansion data. 
In a continuum the sums over the 3N normal modes are replaced by integrals 
over the allowed wave vectors £ and sums over their polarizations p in £ 
7 
space. Thus 7 .  [Equation (9)] becomes 
pa 
ôlnto^CV) 
ôlnV 
( 1 7 )  
If again a Debye solid is assumed then 
(18) 
where is the velocity of sound and the direction of £ is now specified 
by the angles 9^cd. 
Cp(8,w) = pSp (9,CD) (19) 
where p is the density of the solid. For a continuum p ~ V and £ ~ V 
and hence 
-1/3 
= " i ~ 2  
BlnCp(8,w) 
ainv 
(20) 
Experimentally, the pressure dependence of the elastic constants is 
measured instead of the volume dependence and Equation (20) becomes 
7 p i Q j ( D )  = 
Bl nCp(9,co) 
BP 
(21) 
From Equation (11) 7 can now be expressed in terms of the elastic constants 
and their pressure derivatives as 
.eJ _ £ 
S JdO 7 (9,CD) (8,m) 
(22)  
S Jdn C (0,CD) 
P P 
where 7 is given by Equation (21) and C is the Einstein specific heat of 
P ^P 
the mode associated with the pth polarization in the 0j(p direction. Suit­
8  
able numerical approximations must be used to carry out the inte-
_ 11-13 
gration. 
Electron!c states' contribution 
Equation (2) may be rewritten in terms of the entropy», S, as 
as 
av 
(23) 
For conduction electrons to a first approximation in T the entropy at the 
volume V is given by 
Sg = (//3) Vkg^ T nfep) (24) 
3 14 
where n(ep) is the density of states/cm evaluated at the Fermi surface. 
Thus the conduction electrons give rise to an expansion contribution 
Pg — (fl /3By)kg T n(€p) 1 + 
31 n n(ep) 
31 nV 
T J 
(25) 
VB, 
(26) 
7^ as defined by 
7 = 1 + 
e 
ôln n(ep) 
alnV 
(27) 
is a Brunei sen parameter which is associated with the free energy of the 
electronic states. The density of states for free electrons (spherical 
Fermi surface) is proportional to V and hence in this case 7^ is 2/3. 
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Total expansion coefficient 
The total low temperature thermal expansion coefficient for a non­
magnetic metal will be obtained by combining the electronic term from 
Equation (26) and the lattice term from Equation (10). The form of the re­
sulting equation 
P = AT + BT^ (28) 
should be valid for T ^  0.02 9^ where the Debye model provides a suitable 
approximation of the solid. At higher temperatures, where dispersion (non-
Debye behavior) occurs, the thermal expansion should behave like the 
specific heat with higher order terms involving an expansion in odd powers 
of the temperature (see the Results section). 
Experimental Methods 
Experimentally, the linear expansion coefficient 
(29) = Ï  M 
BT 
P 
is measured instead of the volume expansion coefficient of Equation (1). 
The linear expansion must be measured along the principal axes for aniso­
tropic crystals but for cubic solids a = p/3 so polycrystals may be used. 
In practice a is obtained either by differentiating an experimental length 
vs. temperature curve or Equation (29) is replaced by 
« '  Ï  
M 
AT 
(30) 
P 
The data must be sufficiently precise to allow comparison with various 
lattice models to be useful from a theoretical standpoint. Furthermore, if 
information concerning the electronic contribution is desired, measure­
1 0  
ments must be made at temperatures where the lattice and electronic heat 
capacities are of comparable magnitude. This is 10 K or less for most 
substances. Expansion measurements in this region are complicated by two 
factors; firstly, cc is very small (10 ^  K and secondly, it varies 
rapidly with temperature. For a typical solid, e.g. copper, the change in 
length of a 10 cm sample between 4 K and 5 K is approximately 4 The 
rapid (T^) temperature dependence of a necessitates that the temperature 
interval AT of Equation (30) be approximately 0.IT for 1% accuracy in 
direct determinations of the expansion coefficient. These requirements 
result in a need to measure length changes for a 5 to 10 cm long sample 
with a precision of 0.1 1 or less. Three distinct methods have proved use­
ful for measurements requiring this sensitivity. 
Optical techniques can be used with fractional angstrom sensitivity by 
measuring the change in light transmission through two grids, one stationary 
and the other attached to the sample.'^ The stationary grid has alternate 
transparent and opaque bands of equal width ruled on it while the movable 
grid is ruled identically except for the central opaque band which is 
twice as wide as the others. If the two grids are matched for maximum 
transmission over half their area the remaining half will allow zero trans­
mission. As the sample expands and the attached grid moves, the trans­
mission through one half will increase while the transmission through the 
other half will decrease. The transmitted light from each side is 
measured by photocells and the signals combined in a "bridge" circuit using 
a differential amplifier. Over the distances involved the output is linear 
with grid position and provisions are made to calibrate the apparatus 
mechanical 1y. 
n 
A modification of the above technique uses a doubly twisted "Ayrton" 
strip which is attached to the sample to convert the linear motion into a 
rotation of the strip. The angular position of a small mirror attached to 
the center of the strip is measured with an optical lever. Room temperature 
measurements using this method have been used to detect length changes 
of 10 ^  while low temperature measurements have demonstrated 0.1 & 
sensitivity.^^ The apparatus is calibrated at low temperatures by fitting 
the high temperature measurements to those obtained from other sources. 
The problem of getting light into the sample region without introducing 
errors from heating complicates the measurements in both optical techniques. 
Capacitance dilatometers make use of the change in capacitance of a 
parallel plate capacitor in which one plate is kept fixed and the other is 
attached to the top of the sample.Three terminal bridge techniques 
allow the apparatus to be electrically guarded thus insuring that only 
20  
capacitance changes resulting from sample motion are detected. The 
change in length of the sample generally is measured relative to the 
(copper) capacitance cell and corrections are applied to the data for the 
expansion of the cell material. This requires that the expansion of the 
cell be known with some accuracy since the cell corrections are often of 
the same order of magnitude as the sample expansion. The capacitance 
technique has been the most productive to date and the majority of the low 
temperature expansion data have been obtained using this method.^ 
The present results were obtained by using a variable differential 
21 22 
transformer as a dilatometer. ' This technique has demonstrated the 
highest sensitivity at low temperatures although experimental problems have 
proved more troublesome than in the capacitance measurements. Since there 
Î2 
is no magnetic equivalent of the electrostatic guarding realized in a 
three terminal capacitance bridge, great care must be taken to insure that 
temperature-dependent eddy currents, superconducting transitions, etc. do 
not introduce spurious effects during the measurements, in addition this 
is strictly a low temperature technique since its high sensitivity depends 
on the low residual resistivity of the many thousand turn copper coils. 
1 3  
EXPANSION MEASUREMENTS 
The variable differential transformer used in this experiment consists 
of two coils; a primary located in the liquid helium bath and a coaxial, 
astatic secondary which is attached to the sample and mounted inside a 
vacuum jacket. A 35 gauss primary field induces approximately equal and 
opposite voltages in the secondary coil and since the primary field varies 
along the axis this induced voltage is a function of secondary position. 
Changes in sample length are transmitted mechanically to the secondary coil 
and the resulting output voltage (or coupling to the primary) is measured 
using a stable mutual inductance bridge. The method is absolute in the 
sense that only the sample changes temperature, and it enjoys the advantage 
of a calibration against bridge readings which is linear with sample position 
over 2 mm and is virtually temperature independent. This permits relative 
ease of calibration. Changes in length of 0.01 \ can be detected although 
stability problems normally limit the data to a precision of ± 0.03 A (a 
relative precision of 3 x 10 for a 10 cm sample). The detection of the 
small changes in length and hence induced voltage introduce experimental 
difficulties which will be outlined in the apparatus discussion below. 
Coils 
The variable transformer actually consists of three coils. In 
addition to the primary and secondary coils a "pickup" coil wound on the 
primary provides a stable reference mutual inductance. Figure 1 shows the 
three coils and their size relative to the primary field configuration. 
The primary coil is wound uniformly in three sections on a glass-filled 
phenolic form. The end sections are half as long as the center section 
Figure 1. Variable transformer coils and field geometry. 
PRIMARY-PICKUP COILS PRIMARY INDUCTION FIELD 
<GAUSS/AMPERE 
SECONDARY COIL 
WINDING DATA 
PRIMARY 
PICKUP 
SECONDARY 
-100 
'm:: -a: co"":" 
10000 TURNS *38 5 cm 
COIL AND FIELD GEOMETRY 
1 6  
and each contains half as many turns as the center section which is 
wound in the opposite direction. This astatic method of winding causes a 
rapid decrease In the field outside the coil and thus minimizes eddy 
currents in the sample chamber. The axial field distribution, as mapped 
out by a small sensor coil, shows a maximum and two minima within the coil 
which are flat to 1% over approximately 4 mm. 
The secondary coil is wound astatically on a glass-filled phenolic 
form in two sections with an equal number of turns on each half. However, 
instead of placing two coils wound in opposite directions next to one 
another to form the secondary, each layer of wire in the coil is individ­
ually astatic; that is, it is wound clockwise for one half the coil length 
and counterclockwise for the remaining half. This latter arrangement has 
the advantage of markedly decreasing the interwinding capacitance and thus 
reduces losses in the coil. The length of the secondary coil is chosen as 
shown in Figure 1 so that the ends fall exactly on the primary field minima 
with the center at the maximum. Hence when the secondary is exactly 
centered in the primary field there is no net flux linkage. However, as 
the secondary moves from the central position the emfs induced in the two 
halves no longer exactly cancel and a net output voltage results. This 
voltage is linear with position to within approximately 0.1% for motions 
of up to 2 mm either side of center. 
As shown in Figure 2, the coil is suspended inside a phenolic cylinder 
by three phosphor bronze wires at each end which are connected between the 
sapphire rod and the cylinder wall. A "V" shaped bend in one of the wires 
causes it to act as a spring while the other two serve as hinges. This 
Figure 2. The secondary coil and support. Identical wire 
suspensions are used at each end of the coil. 
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allows unimpeded motion of the secondary along its axis but maintains ex­
cellent lateral rigidity- The sample motion is transmitted to the sapphire 
rod which runs along the coil axis and is attached to a phenolic disc at 
the center of the secondary. 
The primary field is sufficiently large (35 gauss) to generate consid­
erable eddy current heating in the secondary due to both the wire resistance 
and the capacitive coupling between turns. Since any dimensional variation 
in the coil due to temperature changes during the expansion measurements 
would result in a change in coupling, the secondary must be thermally 
anchored to the bath. Two copper foil strips which are glued inside the 
phenolic coil form are connected to a copper heat sink to provide 
sufficient heat leak so that when the primary field is turned on the 
secondary temperature quickly stabilizes at less than one degree above 
the bath temperature. 
The stable mutual inductance which serves as the reference for the 
mutual inductance bridge is constructed by winding the pickup directly on 
top of the primary in a similar astatic pattern. A 3 mm thick phenolic 
spacer is placed between the two windings to reduce capacitive coupling. 
This primary-pickup coil combination is placed in the liquid helium bath 
outside the sample chamber vacuum jacket and is supported from the sample 
chamber base by three brass legs (Figure 3)- Since the bath temperature 
is controlled to ± 1 mK the liquid HeU provides an extremely stable en­
vironment in spite of the large heat dissipation (approximately 50 mW) in 
the primary. The magnitude of the primary-pickup mutual inductance 
corresponds to a secondary motion of ± 0.75 cm. 
Figure 3 .  The sample chamber, coils and vacuum jacket. 
2 1  
—PUMPING TUBE SAFETY 'POP OFF' 
GLASS VACUUM JACKET 
SECONDARY COIL SUPPORT 
PRIMARY-PICKUP COILS 
•SCREW ADJUSTMENTS-
PUSH ROD 
LEAD SHIELD-
THERMAL BREAK 
SAMPLE SUPPORT 
HEATER COPPER-GLASS 
SEAL 
SAMPLE 
— I 
THERMOMETER 
GIMBAL JOINTv 
'WOOD'S METAL JOINT 
5 cm 
• NYLON-EPOXY SEAL 
SAMPLE CHAMBER ASSEMBLY 
2 2  
The sensitivity of the coil system to secondary motion can be esti­
mated as follows. If 
° Vp'p' 00 
is the axial field at the center of the primary coil, the change in mutual 
inductance between the primary and secondary coils for a small secondary 
motion 6z is 
A n 
AM = 2(B^ - B, ) 6z (32) 
P 
where is the permeability constant, n^ and n^ are the turns densities 
of the primary and secondary coils, I^ is the primary current, 7 is a 
geometrical factor (about 0.4 in the present case), is the area of the 
secondary coil, and B^ and B^ are the maximum and minimum values of the 
magnetic induction field. (B^ - B^) can be expressed as FB^ where F is 
another geometrical factor (approximately 1.5 since 8^ = -B^/2) and so 
the mutual inductance change becomes 
AM = 2M^A^n^np(7F) Az • (33) 
The induced secondary voltage then i s 
dl 
E(AZ) = - AM = "2ujMQA^n^np|p(7F) Az (34) 
and the resulting sensitivity 
il = • (35) 
23 
For V = u)/2it = 270 Hz, 1^ = 100 mA and the coil dimensions shown in Figure 
^ = 12 V/cm = 0.12 i i \ l / l  (36) 
Az 
The observed sensitivity of 0.08 /iV/l is in reasonable agreement with this 
estimation. 
The measured electrical parameters for the coils at 4.2 K are listed 
in the following table. 
Table 1. Electrical properties of the coils at 4.2 K 
Coil Winding Data R(q) L(mH) 
primary 5000 turns, #32 copper wire 4.7 287 
secondary 10000 turns, #38 copper wire 17 500 
pickup 1000 turns, #32 copper wire 1.1 I3.& 
Particular care must be taken in winding coils which are used to 
observe mutucl inductance changes of a few parts in lo'^ so perhaps several 
additional comments should be made on the problems involved and the winding 
techniques used. The glass-filled phenolic used for all coil forms (LENA 
type L natural) was chosen for several reasons. The material is easy to 
machine and lias a thermal expansion roughly equal to that of copper so that 
the coils are not overly strained during their repeated temperature cycling. 
In addition a rough check of the susceptibility of the phenolic showed that 
24 
for the present purposes it is nonmagnetic. Each layer of the secondary 
coil is scatterwound over the preceding layer with one half wound clock­
wise and the other half wound counterclockwise. Care is taken to put an 
equal number of turns on each layer using approximately the same turns 
density. The primary and pickup coils have fewer turns and so both coils 
are layerwound to insure a uniform, symmetric field. Losses due to inter-
winding capacitance in the secondary are troublesome since they generate 
quadrature voltages which make the exact balance of the bridge more diffi­
cult to determine. These losses are very sensitive to the placement of 
the thermal anchors, which are glued inside the secondary coil form, since 
the copper foil acts as a capacitive shunt between the two halves of the 
coil. The best position for the foil was determined by trial and error. 
Similar losses in the primary and pickup coils should be less important 
although in the present coils O.I mm thick nylon net is placed between 
each layer of wire in both of the coils. A small amount of G. E. 7O3I 
calorimeter varnish is used in each coil to prevent the wire from shifting 
in the magnetic field. 
Sample Chamber 
The sample must be held in the sample chamber (Figure 3) in such a 
manner that it is supported laterally and yet is free to transmit its 
linear thermal expansion to the secondary. In addition radiation shielding 
and thermal anchoring must be provided to insure that only the sample 
changes temperature during the expansion measurements. The high purity 
copper cylinder (nominally 2.5 cm in diameter and 10 cm long) which 
surrounds the sample serves both as a radiation shield and as a support 
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for the sample and secondary coil mounting. The sample is mounted through 
a 2 cm wide vertical gap in the shield and the remaining metal is slit 
vertically in four places to lessen eddy currents. A phenolic ring glued 
in the top of the shield maintains its rigidity. 
The gimbal mounting shown at the bottom of the sample prevents lateral 
motion but allows easy vertical alignment of the sample. This mounting is 
constructed by placing a 1 mm sapphire ball between two sockets. These 
sockets are formed by depressions ground in 6 mm diameter by 1 mm thick 
sapphire discs which are glued to the base of the sample chamber and the 
end of the sample respectively. The top of the sample is held rigidly in 
position by three nylon threads which are tied between the sample and 
radiation shield. 
The secondary is mounted directly above the sample and the motion of 
the sample is transferred to the coil by a sapphire push rod. In order to 
accommodate the wide variation of sample lengths used in the experiment, 
the sapphire rod is in two sections. The length of the upper section, 
which is attached at the center of the secondary, is fixed while the length 
of the lower section depends on the length of the particular sample being 
measured. The two pieces are coupled mechanically by grinding a point on 
the lower section and a slight depression in the upper section. The lower 
section is anchored thermally to the bath by a copper wire or foil. 
A thermal break must be provided between the top of the sample and 
the sapphire rod to keep the secondary coil temperature constant while the 
sample is heated. This is accomplished by using two polished sapphire 
discs. The first disc is glued directly to the top of the sample and the 
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second, which rests on top of the first, is thermally anchored to the bath 
by a piece of copper foil glued around its circumference. A small de­
pression which is ground in the top of the upper disc serves as a seat for 
the pointed end of the lower section of the secondary push rod. The two 
hard, polished sapphire surfaces provide a high thermal impedance in 
2*3 
vacuum thus isolating the secondary coil thermally from the sample while 
still maintaining rigid mechanical contact. A test run showed that sapphire 
discs glued directly onto the sample do not affect expansion measurements 
for metallic samples. However, for some other materials, e.g. the alkali 
halides, the differential expansion between the sample and the sapphire can 
induce strains in the crystal. In these instances the discs are glued 
into the end of short mylar cylinders which are slipped over the ends of 
the sample. 
The sapphire discs which are glued to the top and bottom of the sample 
increase the effective "sample" length by 2 mm, i.e. approximately 2%. 
However, since the thermal expansion coefficient for metals is at least 10 
times that for sapphire, the contribution of the sapphire discs to the sam-
24 
pie thermal expansion is completely negligible. 
A heater, thermocouple and germanium resistance thermometer are 
attached directly to the sample as shown in Figure 3- The heater consists 
of 40 Q of ^ 36 manganin wire which is wound astatically on the sample with 
a center tap to allow the application of heat to the sample over half or 
all of its length. This provides a check for thermal gradients to verify 
that the sample is in thermal equilibrium. The high conductivity metallic 
samples used in the present experiment cause no equilibrium problems. 
27 
A Au-0.03 at. 7o Fe vs. AgN difference thermocouple is used to measure 
25 
the temperature of the sample with respect to the bath. The thermocouple 
provides a convenient check of the germanium thermometer calibration and 
could be used as a sensor for an automatic temperature controller. The 
thermocouple and resistance thermometer in general agree to within ± 0.02 K, 
the calibration accuracy of the thermocouple. 
The germanium resistance thermometer (Cryo Cal #447; nominally 1000 Q 
at 4.2 K) was calibrated in this laboratory against the helium vapor 
pressure scale T^g below 2.5 K, against T^jg, a constant volume gas bulb 
scale, from 2.5 to 20 K and against the NBS 1955 Platinum Resistance Ther­
mometer Scale above 20 K. Absolute temperatures are believed accurate to 
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within ± 5 mK. Thermometer current is provided by a 45 V guarded 
battery supply and the thermometer resistance is measured by comparing the 
thermometer voltage with that developed across a 1000 Q standard resistor 
(L&N #1632792) for a common current. This voltage, which is read to a 
precision which corresponds to ± O.3 mK at low temperatures and to ± 5 niK 
at high temperatures, is measured using a Guildline type 9176 Nanopot 
potentiometer with a Keithley I5OA microvoltmeter as a null detector. 
Standard reversal techniques are used to eliminate thermal emfs. 
All wires are wrapped loosely around the sample and spot-glued with 
G. E. 7031 varnish to provide good thermal contact without straining the 
crystal or the wires (in the case of the thermocouple) by differential 
contraction during cooling. The leads, II in all, leave the sample 
chamber through the nylon-epoxy seal as shown in Figure 3-
All solder connections inside the sample chamber are made with 
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cadmium-bismuth solder to eliminate the possibility of superconducting 
transitions giving a spurious At indication. The need for this was em­
phasized when anomalous data obtained in a preliminary experiment with 
NaCl appeared to indicate a superconducting transition in the sample holder. 
Since the germanium resistance thermometer has short tinned leads which 
cannot be eliminated, a lead shield with a center hole just large enough to 
allow passage of the sapphire push rod was placed above the sample inside 
the radiation shield and was thermally anchored to the bath. This iso­
thermal superconducting shield served to mask the secondary coil from any 
effects due to the thermometer leads. Although the particular problem was 
traced later to impurities in the NaCl sample, the lead shield has been 
retained in the present work to prevent spurious indications due to 
temperature-dependent eddy current effects in the metallic samples. The 
copper sample was mounted with the sapphire push rod disconnected and the 
secondary coil blocked in place to check for possible temperature-dependent 
effects. The sample was slowly heated to 3O K and no change in bridge bal­
ance (to ±0.1 A) was noted. 
The sample holder and secondary are placed inside the 4 cm diameter 
glass vacuum jacket shown in Figure 3- A copper-glass housekeeper seal at 
the bottom of the glass tubing allows it to be sealed to the sample chamber 
base with a Wood's metal joint. The vacuum jacket then is evacuated at 
room temperature and the glass pumping line is sealed with a torch. This 
method eliminates a rigid pumping line which could transmit vibrations be­
tween the dewar top and sample chamber. A thin glass bubble attached to 
the top of the vacuum jacket acts as a rupture disc which will blow if a 
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low temperature helium leak results in a pressure build up when the sample 
chamber is warmed to room temperature. 
Dewar System 
The glass dewar system which is used (Figure 4) is quite standard. The 
10 cm inside diameter helium dewar has sufficient capacity to allow a 
twelve to fourteen hour run. The flat bottom allows the sample chamber to 
be placed in the dewar independent of any rigid connection. Since any 
vibration of the secondary coil will appear as noise in the inductance 
bridge, great care is taken to eliminate mechanical vibration in the system. 
Both the helium and nitrogen dewars are sealed to permit pumping on the 
liquids contained in them. The liquid helium is maintained in the super-
fluid state to within one millidegree at 1.89 K by a giant manostat both 
to eliminate boiling and to give temperature and pressure stability. The 
liquid nitrogen is pumped down to the triple point, the dewar is backfilled 
with helium gas and then is opened to the atmosphere. The nitrogen warms 
from the triple point to the boiling point in approximately twelve hours, 
if both the nitrogen and the helium are allowed to boil at atmospheric 
pressure the noise generated is 2 to 3 I whereas if neither dewar is 
boiling mechanical vibration causes less than 0.02 A noise. Isolation from 
building vibration is provided by placing the corners of the dewar frame on 
four (4.80 X 8) inner tubes as shown in Figure 4. These supply excellent 
isolation from the small amount of low frequency vibration transmitted by 
the concrete floor. 
Figure 4. The glass dewar system and shock mounting. 
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Electronics 
The inductance bridge must satisfy rather stringent requirements on 
both range and sensitivity. It was noted above that a bridge range of 
approximately 1 cm results from the coil design. If a detection limit of 
0.01 lalso is necessary a resolution of 10 ^ ^  is required. In addition 
the coil design requires that a secondary voltage change of approximately 
1 nV must be detected for 0.01 Â sensitivity. The circuit and components 
shown in Figure 5 and described below satisfy these requirements. The 
primary coil, which is series-tuned to reduce the output voltage require­
ments of the stable power oscillator, provides the field for the secondary 
and pickup coils. It is not possible to measure the secondary voltage 
directly with the precision needed so a mutual inductance bridge method is 
used. The pickup coil provides a stable reference voltage for the voltage 
divider or ratio transformer which is adjusted to cancel the secondary 
signal J and the null is detected using a phase-sensitive amplifier-detector. 
This is a bridge circuit since both the secondary off-balance voltage and 
the pickup reference voltage are generated by the same primary current. 
Resistive losses and losses due to eddy currents and capacitive coupling 
in and between the inductances have the effect of shifting slightly the 
relative phases of the pickup and secondary voltages thus making it im­
possible to cancel the secondary voltage completely using the ratio trans­
former alone. These losses are balanced by a quadrature voltage which is 
generated in the primary circuit and is introduced into the secondary 
circuit by the resistive network. The quadrature null also is determined 
using the phase-sensitive detector. The secondary circuit also is series-
Figure 5. Mutual inductance bridge schematic. 
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tuned to provide noise rejection and to increase the current through the 
detector input transformer. 
Several of the bridge and transformer components cause particular 
problems and thus will be described more fully. Although the balance equa­
tions indicate that the bridge should be insensitive to small changes in 
oscillator frequency and current, i.e. the field will change similarly for 
both the secondary and pickup coils, the bridge is found to be extremely 
sensitive to oscillator frequency. Attempts to use electrostatic shielding 
between the coils only increased the problem so a special power oscillator 
designed by Optimation, Inc. is used. The oscillator, similar to the 
company's model AC-15, provides a 15 W output with a specified 0.01% 
frequency and current amplitude stability. A change of 0.01% in current 
corresponds to a shift in balance of 0.08 A. Measurements have shown, 
— ? 
however, that the oscillator actually has an amplitude stability of 10 % 
and in practice no effects due to primary current variation can be observed. 
The rated and observed frequency stability is totally inadequate, however, 
since a 0.01% frequency change causes a shift in bridge balance of approxi­
mately 0.2 A- Further frequency stability is gained by driving the 
Optimation oscillator with a Ferwalt Company model SPO 1102 crystal 
oscillator which was modified by the manufacturer to provide a frequency 
output of either 270 or 135 Hz. The frequency stability of this 
oscillator is 10 ^  for a temperature interval from 20 to 3O °C and in 
practice the crystal-driven power oscillator shows a frequency stability 
-6 
of approximately 3 x 10 over a thirty day period. 
Commercial ratio transformers presently available do not have the ten 
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decade resolution required for this apparatus so two Gertsch Products, Inc. 
model 1100 seven decade Ratiotrans are connected in parallel as shown in 
22 
Figure 5. The 1000:1 transformer is wound on a supermalloy tape toroid 
(Arnold Engineering Company 6T6100-S2 core, 4000 turns on the primary) 
-4 
with a turns ratio accuracy within 2x10 and an input impedance of 
700 Kn. The parallel method of coupling two ratio transformers has 
definite advantages over the more obvious series connection. These ratio 
transformers appear to be unreliable when switching at the nanovolt level 
so by connecting the units in parallel the full pickup coil signal is 
applied to both. Hence for a 6 V input signal (corresponding to = 
100 mA) the lowest level switched is 0.6 \i\l instead of 0.6 nV. Since the 
output signal of the second ratio transformer is reduced by a factor of 
1000 the switching transients are reduced by the same amount and effectively 
are eliminated. In practice approximate balances are found using RT# 1 
and data are taken on RT # 2. 
The phase-sensitive amplifier-detector is an improved version of the 
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unit described by Rhinehart and HourI am. The amplifier section has a 
variable gain of 180 dB, a bandwidth of 1 Hz which results in a 60 Hz re­
jection of 90 dBj and the whole detector has a short circuit input noise 
of 45 nV when using a three second time constant. The detector integration 
time can be varied from 1 to 15 seconds. An input transformer wound on a 
ferrite pot core (Ferroxcube Corporation type K5 350 11-3E) has a turns 
ratio of 17 but provides an effective voltage gain of 50 due to the secon­
dary circuit tuning. The transformer could not be shielded sufficiently 
well from stray pick-up so it was placed across the room away from the 
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high level oscillator signal. The detector simultaneously displays the 
off-balance of the in-phase (ratio transformer) and quadrature (resistive) 
signals. Both signals are nulled and since the ratio transformer is cali­
brated in terms of secondary motion (see below) changes in sample length 
can be ready directly from the ratio transformer setting. 
Because of the low signal levels involved, extreme care must be used 
in shielding and grounding the equipment. Connections are made using cable 
containing three individually shielded wires so that separate leads can be 
provided for signal, common and chassis ground. The various chassis and 
circuits each are grounded at only one point to prevent ground loops. 
Calibration Procedure 
The large linear region (± 2 mm) of secondary motion allows the coils 
to be calibrated mechanically by moving the secondary over the entire 
region. This calibration (AZ/AM) then is assumed to be valid for fraction­
al angstrom changes. Generally only one half of the secondary coil is 
calibrated and this is arbitrarily chosen to be the bottom half (i.e. the 
center of the secondary then always is above the center of the primary). 
This choice is made for convenience so that sample expansion causes an 
increase in net coupling and hence an increase in the secondary voltage and 
ratio transformer reading. If a calibration accurate to 0.1% is desired 
the coil position must be determined to within only 2 x 10 ^  mm for a 
number of points in the 2 mm linear region. In practice the calibration 
region is slightly less and is limited to approximately 1.5 mm due to the 
secondary coil suspension. The apparatus used in the transformer cali­
bration is shown in Figure 6. The sample chamber is suspended by three 
Figure 6. Coil calibration apparatus. 
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metal rods which are connected to the phenolic primary coil form. These 
rods are spring loaded and are placed inside 10 mm quartz tubing spacers to 
lessen thermal expansion effects. The sapphire rod in the center of the 
secondary coil is connected rigidly to the traveling microscope screw via 
the quartz rod. Calibrations with the coils at room temperature and helium 
temperature differ by only 0.4% indicating either that the superconducting 
lead shield causes very little field distortion in the secondary region or 
that compensating effects occur. The resulting helium temperature cali­
bration (Figure 7) shows that the full ratio transformer range (0 to 1.0) 
would correspond to 0.7547 + 0.0005 cm for this set of coils. The assump­
tion that this calibration also is correct for fractional angstrom changes 
in length is made reasonable by several observations. Expansion measure­
ments made with the secondary at different positions in its linear region 
yield the same results to within experimental error. In addition thermal 
expansion coefficient measurements on two different sample lengths are 
consistent. Finally, as will be discussed below, the resulting data agree 
with those obtained from other types of thermal expansion measurements in 
regions where the accuracies are comparable (e.g. copper from 20 to 30 K). 
Experimental Procedure 
A brief outline of the assembly of the sample chamber and the measure­
ment procedure will illustrate further the equipment and problems dis­
cussed in the preceding sections. The sample, normally 8 to 10 cm long 
and approximately 0.5 cm in diameter, is cleaned and the ends polished 
flat and normal to the crystal axis. The sapphire end discs, thermocouple, 
heater and germanium resistance thermometer are spot glued to the sample 
Figure 7* Secondary coil call brat 
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using G. E. 7031 varnish and the sample is mounted in the sample holder with 
the bottom resting on the sapphire ball and the top supported by the three 
nylon threads (Figure 3)« Electrical connections are made using cadmium-
bismuth solder. 
In order to minimize heat leak the ends of the manganin heater wires 
extend several centimeters from the sample before being soldered to the 
copper lead wires which run through the nylon-epoxy seal to the bath. 
Similarly, 0.05 mm platinum-tungsten wire leads are used between the helium 
bath and the germanium thermometer to eliminate thermometry errors due to 
heat leak. Thus the main heat conduction from the sample is through the 
thermocouple wires and sample ends. When the sapphire ends are glued onto 
the sample, as is normally done with metal crystals, the heat loss out the 
sample ends is roughly equal to the thermocouple heat leak. When end cups 
are used, however, an additional thermal break exists between the crystal 
and sapphire disc and essentially all heat loss then is due to the thermo­
couple wires. With the sapphire ends glued onto the sample the heat leak 
is such that approximately 20 mW of heater power are necessary to maintain 
the sample at 30 K. 
After a final check of sample alignment, the coils are mounted with 
the secondary adjusted to give proper loading on the sample (approximately 
5 g) and the primary adjusted to provide the desired balance position on the 
inductance bridge. This is chosen by trial and error to give a bridge 
balance of 0.05 to 0.1 at 4 K. The vacuum jacket is soldered to the sample 
chamber base with a Wood's metal joint, it is evacuated, and the pumping 
line is sealed with a torch. The sample chamber then is placed in the 
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dewar where it rests on the bottom. 
The liquid nitrogen dewar is filled and with Hg exchange gas in the 
helium dewar vacuum space approximately eight hours are needed for the 
sample chamber to reach 77 K. The mutual inductance, heater, and thermome­
try circuits are checked and then liquid helium is transferred. An addi­
tional six hours are needed for the sample chamber to reach equilibrium at 
4.2 K. The electrical circuits are checked again and a measurement of the 
rate of heat loss from the sample is made to insure that no helium leaks 
have developed in the sample chamber vacuum jacket. This is done by heat­
ing the sample until the thermocouple emf is 10 juV and then the heater 
power is turned off and the time is measured for the sample "temperature" 
to reach 5 mV. It is known from experience that this should be approxi­
mately one to two minutes for metallic samples of the size used. Any 
reading significantly less than this indicates a leak in the vacuum jacket 
and the sample chamber must be removed from the dewar and leak tested. 
Data normally are taken in the evening and early morning hours when 
mechanical and electrical noise are at a minimum. The dewars are pumped 
down and the sample chamber is allowed approximately one hour to reach 
equilibrium at 1.89 K. Four measurements of hi,» two each in the direction 
of increasing and decreasing temperature, normally are made for each ^T 
and the.results averaged. A drift in the mutual inductance bridge balance, 
sometimes as large as 0.03 Â/min, often is a problem, so at low tempera­
tures the four A-t measurements are taken using equal time intervals to 
cancel errors caused by the drift. Several days are needed to obtain 
sufficient data on each sample and no particular pattern is used in taking 
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the measurements during that period. 
Thermal expansion coefficients [Equation (30)] are measured directly 
at all temperatures since it is felt that because of the drift in the 
apparatus no additional precision can be gained by measuring &(T) at the 
lowest temperatures. Measurements of a are limited to temperatures where 
the At's are large enough to insure reasonable precision. In the present 
experiment, where the changes in length are measured to a precision of 
0.1 the practice is to take a's only where the At's of Equation (30) are 
approximately 1 A or greater. This effectively limits the lowest tempera­
ture data to about 2.5 K. The usual technique is to measure t(T) at lower 
temperatures since these data can start at the lowest temperature reached 
by the sample (normally 1.89 K for this apparatus). Individual a-L's are 
recorded, the expansion between 0 K and the starting temperature is esti­
mated and added to the sum of the individual At's to obtain t(T)j and the 
resulting curve is differentiated either algebrically or graphically to 
obtain a. The method offers no advantages at temperatures where o: can be 
measured directly but at low temperatures additional information is ob­
tained. Difficulties arise since an error in any particular At affects the 
t(T) curve at all higher temperatures. At the lowest temperatures, where 
the At can be on the order of 0.1 to 0.2 ^  slight errors introduced by 
bridge drift can cause serious cumulative errors in t(T). It was found 
that the drift in the present experiment was sufficient to destroy the 
value of any low temperature t(T) data and so only direct measurements of 
cc were taken. 
The results show that for the low temperature measurements where the 
greatest care is taken, the smoothness of the o: data corresponds to 
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uncertainties in the 6&'s of ± 0.03 !• The limiting factor is the stabil­
ity of the equipment and not its sensitivity. 
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RESULTS 
Results are given below for thermal expansion measurements on copper, 
silver, gold and aluminum. Since all four metals have a face-centered 
cubic structure, the thermal expansion is isotropic and single crystal 
samples are not needed. Similar, although less accurate, thermal expansion 
data exist for all of these substances below 20 K. These data were obtained 
in each case using at least one of the other low temperature techniques 
currently in use; i.e. the three terminal capacitor, the movable grid and 
the twisted "Ayrton" strip. This allows an excellent opportunity not only 
to compare relative accuracy but more importantly to estimate the syste­
matic errors which may be present in the various techniques. Older pub­
lished results from both capacitance and variable transformer measurements 
are compared in the tables below with more recent determinations (some 
unpublished) using these techniques. 
As was explained in an earlier section, the low temperature limit of 
the present data is approximately 2.5 K due to the loss of sensitivity in 
a measurements at lower temperatures. The high temperature limit is 
dictated primarily by the lack of a good germanium resistance thermometer 
calibration above 27 K, although measurements taken using the thermocouple 
show that above 30 K data become unreliable due to heating effects in the 
sample chamber. 
The data for each sample were analyzed using a least squares method to 
obtain the expression 
" ' J (37) 
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and the smoothed results tabulated at one degree intervals from 1 to 27 K. 
2 
The low temperature data initially were fit to a/T vs. T to determine the 
coefficient of the linear term^ A^. The results of this fit then were used 
to determine the coefficients of the higher order terms by fitting the data 
2 2 
to (a/T - Aj)/T vs. T . The linear term gives the contribution of the 
conduction electrons, the cubic term gives the lattice contribution for the 
continuum limit or Debye model while the higher order terms correspond to 
dispersion effects or departures from the Debye model. Once the coefficient 
of the linear term was established the copper and silver data could be fit 
by a single expression over the entire temperature range, whereas because 
of their unusual dispersion the aluminum and gold data were fit in several 
g 
sections. A five term (to T ) expression was required to represent the data 
satisfactorily in most cases. The scatter of the experimental data from the 
smooth fit values is less than ±1% above 6 K and increases to as much as 
±2.5% at the lowest temperatures. 
The coefficients of the analytic expression fora which are valid in 
the Debye region (A^ and A^) are given for each of the materials in the 
tables below. The experimental data are given in Appendix A and the 
smoothed values obtained from Equation (37) are tabulated in Appendix B. 
Two measurements were made in an attempt to evaluate the magnitude of 
possible systematic errors. Data were taken on a copper sample which was 
approximately one half the length of the regular sample in order to check 
for effects due to differences in sample length. At low temperatures the 
data agree well (see Figure 8) but at high temperatures the data from the 
short sample are about 2% higher than those for the long sample. Since the 
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two samples were obtained from different sources and show markedly different 
resistivity ratios (see below) it is possible that the small difference 
arises from sample purity or history instead of sample chamber effects. 
The dependence of the data on sample mounting and coil position was checked 
by remounting and remeasuring the silver sample approximately one month 
after the initial measurements were made. With the exception of one point 
the data agree to within 1% with the earlier measurements. It appears 
probable from these two results that any systematic errors in the data are 
less than 1% over the entire temperature range. 
Copper 
The physical properties and sources of the copper samples are given 
below in Table 2. 
Table 2. Physical properties of the samples. 
Sample 
o
^
 Q)
 
^ 4.2/P 295 Source 
copper, long 9.724 560 Nuclear Elements Corp. 
copper, short 4.983 1150 ASRCO 
si 1 ver 8.847 190 Nuclear Elements Corp. 
gol d 8.819 150 Nuclear Elements Corp. 
alumi num 9.872 1300 Alcoa 
®At 0 K, obtained using reference 29. 
In addition to the two copper samples listed measurements were made on a 
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third copper sample which was approximately 5 cm long. Data were taken 
both with the sapphire discs glued to the sample ends and with the discs 
mounted using end cups. The two runs were consistent but the data were 
approximately 5% above those obtained with the long copper sample. This 
sample was found to have a residual resistivity ratio of only 130 and since 
the sample was of questionable purity and origin the data are not included 
in the present results. Both of the copper samples used in the final 
analysis were vacuum annealed for one hour at 440 °C. 
The results for copper below 10 K shown in Figure 8 are compared with 
other measurements in Table 3» The experimental uncertainties listed for 
the coefficients corresponding to the present results reflect only the 
scatter in the data and an additional uncertainty of ± 2% exists due to the 
possible systematic errors previously discussed. 
Excellent agreement exists at all temperatures between the present 
results for 0! and those obtained from the twisted strip dilatometer method 
of Shapiro et al.'^ who calibrated their dilatometer vs. higher tempera­
ture data between 40 and 60 K. The preliminary values of a determined 
using an improved three terminal capacitance differential cell by White^^ 
lie outside the expected combined experimental errors even when an addi­
tional 2% uncertainty due to possible systematic effects is added to the 
present results. These new data by White were taken with a cell calibrated 
with respect to silicon and lithium fluoride. The disagreement, which 
amounts to 10% in O! at 5 K, becomes less at higher temperatures, however, 
and the difference is 5% at 15 K and less than 0.5% above 20 K. Although 
the percentage difference in a appears large, in terms of the corresponding 
Figure 8. The linear thermal expansion coefficient of 
copper for T < 10 K. 
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Al's the difference at 5 K represents a disagreement of 0.1 \ and that at 
15 K a disagreement of 4 Â. 
Table 3- Low temperature expansion results for copper, a = A^T + A^ 
A^ (10"^°K"^) A3 (10"" K-^ Method 
2.6 ± 0.1 3. 08 ± 0.02 T < 9.5 K present work 
1i 0.1 g 2.84 ± 0.05 capaci tance^ 
"2 2.84 
b 
capacitance 
2.78 db 0.25 3.10 ± 0.08 T < 8 K twisted strip'' 
1.7 ± 0.5 2.9 ± 0.2 variable transformer^ 
^Carr, McCammon and White, reference 19« 
^White, preliminary values, reference 30. 
""Shapiro, Taylor and Graham, reference 17 
^Carr and Swenson, reference 21. 
Si 1 ver 
The results for silver below 10 K are shown in Figure 9. Run 2 is the 
check run which was used to estimate sample mounting errors and which ex­
cept for the lowest point agrees with run 1 to within 1%. Table 4 gives 
the coefficients found using the fitting procedure in the nondispersive 
region together with preliminary coefficients given by White^^ for recent 
data. Note that the electronic term is much smaller relative to the 
Figure 9* The linear thermal expansion coefficient of 
si 1 ver for T < 10 K. 
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lattice term than for copper and hence is much harder to determine. 
Table 4. Low temperature expansion results for silver, a. = A^T + A^ 
A,(]0"'°k'^) A^ do'" k"^) Method 
1.8 ± 0.3 11.7 ± 0.2 T < 8 K present work 
2. 10.8 capacitance^ 
^White, preliminary values, reference 30. 
AS was true for copper, the disagreement between the variable transformer 
and capacitance results disappears at higher temperatures. The difference 
corresponds to 6% at 5 K and becomes less than ]% above 16 K. After the 
present work had been completed, it was pointed out by White^^ that the 
difference between his present capacitance results and those obtained in 
earlier measurements is due, at least in part, to oxygen impurities in the 
sample which was used for the earlier measurements. No gas analysis was 
carried out on the sample used in our experiment and so the influence of 
such effects cannot be ruled out for the present data. 
Gold 
The experimental data for gold were the most difficult to analyze. 
The electronic contribution is extremely small and in addition the effects 
of dispersion are present even at the lowest temperatures. Although more 
low temperature data were taken on this sample than on any other and the 
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resulting precision is quite good, the data are not sufficiently precise 
and do not extend to sufficiently low temperatures to separate accurately 
the electronic and lattice contributions. The low temperature data could 
not be fit satisfactorily to an expression of the form A^T + A^T^ and it 
was necessary to include higher order terms even at the lowest temperatures 
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as is done in heat capacity analysis. The data for below 10 K are shown 
in Figure 10. Unlike most substances the T^ contribution to the expansion 
coefficient (and the specific heat also) is negative. This term results in 
2 
the small decrease in the slope of (%/T at T =8 which is quickly masked by 
the positive higher order terms. Figure 11 shows the same data for gold at 
temperatures below approximately 4.5 K. The ±0.1 \ error bar corresponds 
to a relative error of ± 7% in the lowest temperature point. Although the 
data are reasonably smooth the dispersion, which can be seen even at the 
lowest temperatures, makes the estimation of Oi^ extremely difficult. The 
only other low temperature thermal expansion results for gold are given by 
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Kos, Lamarche and Savary who list smoothed values of a from 5 to 15 K 
with a reported 1% accuracy. No information is given as to how the data 
were obtained. These (%'s are compared with the present data in Table 5 
which also gives the algebraic expression from the fitting procedure valid 
in the T -* 0 K limit. 
The two measurements agree to within the experimental uncertainties 
at 10 K and above but diverge rapidly at lower temperatures. 
Figure 10. The linear thermal expansion coefficient of 
gold for T < 10 K. 
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Table 5- Low temperature expansion results for gold. 
Temperature Present Work (10 ^  K ^) Kos et al.^ (10 ^  K ') 
a = [  (0.008 ± 0.002) T + (0.0250 ± 0.0004)f ]  x LO"® K"'  T -  0 
5 3.01 2.55 
10 23.1 22.75 
15 78.8 76.52 
^Reference 32. 
A1umi num 
The results for aluminum shown in Figure 12 illustrate the same type 
of dispersion as was noted for gold. The difference is in the relative 
magnitudes of both the linear and T^ terms. For aluminum the ratio of 
A^/Ag [Equation (37)] is almost 100 times the corresponding ratio for gold 
and hence the electronic contribution is much easier to determine. The 
Figure also shows that the influence of the negative T^ term is much larger 
for aluminum than for gold. Table 6 gives the coefficients which represent 
the present data and compares them with similar coefficients obtained from 
capacitance, movable grid and older differential transformer measurements. 
The basic differences in the results of Table 6 arise from the 
temperature region assumed for nondispersive behavior. Since the T^ con­
tribution too: is negative for aluminum, overestimation of the size of the 
Debye region will result in a lattice term which is too small. If the 
Figure 12. The linear thermal expansion coefficient of 
aluminum for T < 10 Ko 
Ot = (0. 093gT + 0.00325T^) X lo"® K"' T < 5 K 
ALUMINUM 0.40 
0.30 
CM 
CO 
o 
020 
±O.IA 
a = (0.093eT + 0.00325 T*)x 10"°K 
0.10 
0.08 
100 80 60 40 20 
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present data are fît assuming a T lattice expansion up to 20 K the results 
essentially are identical with those given by Collins and White^ and 
Andres. 
Table 6. Low temperature expansion results for aluminum, cc = A^T + A^T^ 
A,(IO-'° K-^) A, (10-" K-") Method 
9.3c ± 0.1^ 3.25 ± 0.08 T < 5 K present work 
9.1 ± 0.3 2.6 ± 0.2 T < 20 K 
a 
capacitance 
11. ±3 2.4 ±0.5 T < 12 K movable grid^ 
8.1 ± 0.5 3.0 ± 0.1 differential transformer 
^Collins and White, reference 7» 
'^AndreSj reference 33. 
^Carr and Swenson, reference 21. 
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DISCUSSION 
Thermal expansion measurements can be compared most easily with differ­
ent types of data when expressed in terms of the Griineisen parameter 7. 
This quantity characterizes the effects of anharmonicity in a solid and can 
be calculated from several different^types of experimental information. 
The Griineisen parameter may be obtained from linear thermal expansion 
measurements on isotropic materials by using Equations (10) and (26). 
a. 
7. = 38_V 7^ (38) 
J ' V. 
J 
where j refers to either the electronic (7 , a , C ) or lattice 
e e V 
e 
(7 , a , C ) quantities. 7 is a constant since the electronic contri-
bution to both a and is assumed proportional to T. That is, if a is 
expressed by Equation (37) and is expressed as 
° f odd V' 09' 
then 
A, 
7 = 3B_V — = const. (40) 
e i a I 
Similarly, 7^ is a constant in the temperature region where the Debye 
approximation is a suitable model for the lattice behavior; i.e. for 
T< 0.029o, 
N 
7^ = 7g = 3B^V ^ = const. (41 ) 
At higher temperatures, however, 7^ becomes a function of temperature 
since dispersion in the solid affects the thermal expansion coefficient 
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and the specific heat differently, then must be calculated as 
a,(T) 
^ («) 
I 
[ 1 + (Ar/A, )T + (AVA_ )T + ...] 
= 7^ 2-^-4 . (43) 
[ 1 + (a^ /a^ )T + (a^ /a^ )! + ...] 
Thus 7^ departs from 7^ at temperatures where the higher order dispersive 
terms become important in e i ther  CX.  o r  C or both. In general the small 
temperature dependence of B^V must be included in Equation (42) although 
in the present experiment this is negligible. Equation (43) then strictly 
is valid only when B^V is equal to the low temperature value. 
From a microscopic point of view the temperature dependence of 7^ can 
be treated in terms of the mode 7j's and 's of Equation (11) [or equiva-
lently in terms of the 7 (6,cp)'s and (<5jCp)'s for the continuum model of 
^ P 
Equation (22)]. The individual mode 7 . ' s are assumed to be independent of 
temperature and the temperature dependence of 7^ arises solely from the 
weighting factors C • This approach is used when 7 is calculated from 
i 
elastic data. Equation (22) then is expressed in terms of the elastic 
constants and their pressure derivatives. The resulting 7^^'(T) then may 
be compared with 7^(T) obtained from thermal expansion data. 
The discussion below can be divided conveniently into two parts. 
Firstly^ 7^ and 7^, which are both constant, are calculated from the present 
thermal expansion data and are compared with the equivalent results from 
other types of experimental information, and secondly, the temperature 
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el 
dependence of 7^(T) is discussed and is compared with 7^ (T) calculated 
from elastic data. The auxiliary data necessary to calculate 7 for both 
parts from the appropriate thermal expansion data are given in Table 7« 
Table 7« Auxiliary data used in the calculations of 7. 
sample (cm^/mole)^ By (10'^ dyn/cm^) C source 
V 
copper 7.04 14.20^ Cetas et al.^ 
si 1 ver 10.15 10.87^ Marti n^ 
gol d 10.10 18.03^ Will and Green^ 
Marti n 
al uminum 9.872 7.9389 Berg^ -
Phillips' 
^Calculated using room temperature values from reference 34 and 
thermal expansion data from reference 29. 
'^Reference 35. 
''Reference 36. 
"^Reference 37» 
^Reference 38. 
^Reference 39« 
^Reference 40. 
^Reference 41. 
'Reference 42. 
Values of 7 and 7 are given in Table 8. The thermal results are 
o e 
el 
compared with values of 7^ calculated from elastic constant data 
[Equation (22)] and values of 7^ calculated from measurements of the 
pressure variation of the Fermi surface for the noble metals and from 
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measurements of the pressure dependence of the critical field for aluminum. 
The uncertainties given for our values of 7^ and 7^ include the un­
certainty due to the scatter in the data, the 1% uncertainty arising from 
possible systematic effects, and the uncertainties in the auxiliary data 
of Table 7* 
fable 8. The Gruneisen parameters at T = 0 K. 
sample 7g(present work) 7g (present work) 7g(calculated)^ 
copper 1.94 ± 0.04 1.77 1.12 ± 0.04 l.Ol 
2.1^ 
s i1 ver 2.32 ± 0.07 2.22 0.9 ± 0.2 0.94 
gol d 3.03 ± 0.1 2.92 0.6 ± 0.2 1.23 
al uminum 3.07 ± o.i 2.62 1.63 ± 0.04 6. 98 db 3 • 
1.8 ± 0.6® 
^Collins, reference 12 except where noted. 
^Collins, reference 43 except where noted. 
^Salama and Alers, reference 44. 
^Calculated from Harris and Mapother, reference 45 using from 
reference 40. 
^Palmy et al., reference 46. 
The agreement between the thermal and Fermi surface values of 7 is 
e 
reasonably good for copper and silver but not for gold. The value of 7^ 
which is given from the thermal expansion data is imprecise due to the 
difficulty in the estimation of but the value obtained from the Fermi 
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surface measurements lies well outside the expected uncertainties. 
cannot be calculated precisely from superconducting critical field 
data since two large and nearly equal terms are subtracted with a resulting 
/i5 
large probable error. Harris and Mapother note that inconsistencies be­
tween the critical field and thermal expansion y^ have been reported for 
several materials in addition to aluminum and that results which are ob­
tained from critical field data often are much larger than the values of 
7^ which are obtained from thermal expansion data. However, where suffi­
ciently precise critical field data extend to sufficiently low temperatures, 
good agreement exists between the thermal and critical field values of 
^ 46,47 
^e* 
A theoretical calculation of the electronic band structure of copper 
48 
as a function of lattice spacing has been used to estimate 7^. The re­
sult, 0.43, is not in particularly good agreement with thermal expansion 
results for copper but it does represent an attempt to calculate the change 
in the density of states at the Fermi surface directly via band structure 
models. 
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The comparison between 7^ from the present thermal expansion data 
and from the elastic data as a function of pressure is not particularly 
1 2 .  
good especially for copper and aluminum. Collins estimates a possible 
error of 6% from uncertainties in the measured room temperature values of 
the elastic data and effects due to the particular model used in the inte­
gration of Equation (22). An additional source of error arises from the 
el 
use of room temperature elastic data to calculate 7^ . No experimental 
data exist on the pressure dependence of the elastic constants at low 
temperatures for any of the metals and this error is difficult to estimate. 
el 
A calculation of 7^ has been made using values of the third order elastic 
44 
constants of copper obtained at 4.2 K by Salama and Alers. These are the 
only low temperature third order elastic constant data which presently 
exist and, as is true with the estimation of 7^ from critical field re­
el 
suits, precision in the calculation of 7^ from these data is difficult 
to obtain since it is necessary to subtract two large and nearly equal 
numbers. The resulting uncertainty in 7^ is large enough to include the 
value given by Collins. The two methods are equivalent, however, and the 
value of Salama and Alers may indicate that there indeed are more diffi­
culties in the extrapolation of room temperature values of the elastic 
constant pressure derivatives to 0 K than generally are believed. 
The most interesting feature of the present work is the similarity 
between the temperature dependence of 7^ and that of the equivalent Debye 
temperature. 7^  is plotted as a function of T/e^  in Figures 13 and 14, 
and is tabulated in Appendix B» This similarity is even more apparent for 
the noble metals in the plot of the reduced values of 7^(T) and 9(T) shown 
in Figure 15. A similar temperature dependence has been given by Brugger 
and Fritz'^ who used room temperature values of the second and third order 
elastic constants in a continuum model with sinusoidal dispersion to esti­
mate the behavior of 7^(T). Although the calculation demonstrates a 
qualitative temperature dependence similar to that of our thermal expansion 
measurements, the agreement between the magnitudes is not particularly 
good and in fact the values obtained for 7^ are the same as those given by 
Collins. Their work did show, however, the importance of including dis­
persion in any model of the noble metals by comparing the results for 7 (T) 
Figure 13* The lattice Grtfneisen parameter for gold, 
silver, and copper. 
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Figure 14. The lattice GrUneisen parameter for aluminum 
and a comparison between the reduced values of 
the lattice GrUneisen parameter and the Debye 
temperature. 
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Figure 15. A comparison between the reduced values of the lattice 
Gruneîsen parameter and the Debye temperature for 
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obtained using the model with dispersion to results obtained using a 
Debye model. The Debye model results show only a slight dip in 7^(T) which 
occurs at reduced temperatures well above those seen in the present work. 
Since the temperature dependence of the calculations appears roughly correct 
while the magnitude of the results is not, this seems to imply that the 
major difficulty in Brugger and Fritz's work lies in the extrapolation of 
room temperature elastic data to low temperatures and not in the particular 
form of the dispersion they assumed. It would be most interesting to re­
peat the calculations using low temperature elastic constant data. The 
elastic constants for the noble metals have been measured at 4.2 K and 
calculations using the data show excellent agreement with thermal values 
of Unfortunately, however, the low temperature elastic constant 
pressure derivatives have not been measured and such an experiment could 
be difficult due to the bonding problems between the sample and transducer. 
A qualitative explanation can be given for the temperature dependence 
of 7^ in terms of the longitudinal and two transverse mode y^'s which are 
derived from elastic data. At the lowest temperatures where the Debye 
model is valid, is a constant since the relative weighting of the 7p's 
does not change with temperature; i.e. the various mode specific heats all 
vary as T^ [Equation (22)]. As the temperature increases dispersion occurs 
and the relative weighting of the 7p's changes. First, the relative magni­
tude of the specific heat of the lower velocity shear mode increases (and 
hence the contribution of the associated increases) and then as the 
temperature is increased further the specific heats of the higher velocity 
shear mode and the longitudinal mode become more significant. Finally, all 
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normal modes become excited so all C = l<„ and therefore y again becomes 
Vp B I 
constant. The mode 7p's derived from the elastic constants and their 
pressure derivatives [Equation (21)] have shown that the 7^ associated with 
the lower frequency transverse mode is the smallest of the three elastic 
mode 7p's. Hence when dispersion effects first occur the 7p from this 
mode becomes the most heavily weighted and 7^ can be expected to decrease. 
No theoretical calculations of a or 7 which start from an estimation 
I I 
of the interatomic forces exist for any metal. Calculations of 7 do exist 
for models of cubic structure ' but the application has been to 
ionic and rare gas solids and no attempt has been made to include the 
effects of conduction electrons and to apply the models to a metal. 
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Morton has used nearest and next-nearest central force theory together 
with experimentally measured elastic constants to estimate (2^ for copper. 
The agreement with measured values of the thermal expansion coefficient is 
surprisingly good in view of the obvious oversimplification of the model. 
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CONCLUSIONS 
The present work has given values of the thermal expansion coeffi­
cient for copper, silver, gold and aluminum from 2.5 to 27 K. The 
precision of the measurements corresponds to an uncertainty of ±2.5% at 
the lowest temperatures and ± 1% above 6 K. An additional uncertainty of 
-t 2% exists at all temperatures due to possible systematic errors in the 
experiment. 
The comparison of the results with less precise data obtained from 
other experimental techniques shows good agreement between the present 
copper data obtained with the variable transformer method and that ob­
tained from the twisted strip dilatometer technique of Shapiro et al.^^ 
Systematic differences exist for copper and silver at low temperatures 
between the variable transformer results and the most recent three terminal 
capacitance data of White.^^ The two methods show excellent agreement at 
higher temperatures for both materials, however. Since the capacitance 
technique is a differential method and depends on an assumed expansion 
coefficient or calibration for the copper cell, it is possible that the 
disagreement between the copper results is totally responsible for the dis­
agreement between the silver results as well. This is in fact the case 
since a small capacitance cell calibration change, which increases the 
length of the cell by only 0.1 & at 5 K and 4 & at 15 K, based on our 
copper data, brings the two silver measurements into good agreement. Older 
thermal expansion measurements from variable transformer, three terminal 
capacitance and optical grid techniques all show a lack of sensitivity when 
compared with the more recent measurements. 
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The variable transformer dilatometer enjoys the advantages of both 
high sensitivity and a permanent, absolute calibration. None of the 
other low temperature thermal expansion techniques combine both of these 
features. The optical grid apparatus can be calibrated in an absolute 
sense but appears to suffer a lack of sensitivity when compared to 
other techniques. Neither the three terminal capacitance cell nor 
the twisted strip dilatometer are absolute methods since both must be 
calibrated in terms of other expansion data. The capacitance method 
is commonly used as a differential technique and thus requires a knowl­
edge of the thermal expansion of copper as a function of temperature 
to calibrate the capacitance cell. The twisted strip dilatometer has an 
output signal which is linear with sample expansion but cannot be inde­
pendently calibrated. High temperature data therefore are used to provide 
a calibration for the low temperature results and thus the method is 
applicable only to materials whose expansion coefficient is well defined 
below 90 K, the upper temperature limit of the apparatus. The basic 
limitation of the variable transformer dilatometer involves its suscep­
tibility to errors from effects which disturb the primary-secondary 
coupling. This eliminates its application to magnetic and superconducting 
samples. In addition, the variable transformer technique is applicable 
only at low temperatures since the high sensitivity of the apparatus 
depends on the low residual resistivity of the copper wire in the coils 
and heating effects inside the sample chamber limit the data to temper­
atures less than approximately 30 K. 
The present work has shown the applicability of the differential trans­
former technique to thermal expansion measurements on high conductivity 
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metallic samples. The expected problems of temperature-dependent eddy 
currents were eliminated by the isothermal lead shield in the sample 
chamber, and in fact it would be most interesting to construct a sample 
holder with more complete shielding and to attempt measurements on a mag­
netic or superconducting sample. The apparatus can detect changes in 
sample length of 0.01 A. although at present the low temperature changes in 
length are read to the nearest 0.1 Â. because of a slow drift of the induc­
tance bridge balance. It is not known whether the drift is due to the 
electronics or sample chamber but its elimination would allow an increase 
in the precision of the low temperature data by a factor of 2 to 3» Elim­
ination of the drift also would allow At measurements at temperatures below 
the present low temperature limit of the o: data. This would provide better 
determination of the electronic component since if a is written as 
A = A,T + A^T^ (44) 
then 
= I + 1/2 AJT^ + 1/4 A^T^ , (45) 
with the relative contribution of the electronic term being twice as 
large in t(T) measurements as it is tno: measurements. Extension of the 
data to lower temperatures also would be helpful to separate the electronic 
and lattice contribution to the thermal expansion in materials which show 
appreciable dispersive effects at the present low temperature limit. 
It would be helpful to have an apparatus capable of expansion 
measurements from 20 K to room temperature using the same samples which 
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are used in the low temperature differential transformer cryostat. Such 
data v;ouId have been particularly interesting For aluminum since the 
minimum in '/ was not seen. This, however, may have been frustrated in 
part by the lack of reliable heat capacity data between 20 and 3O K. 
The use of superconducting wire in the primary and secondary coils 
appears to offer a tantalizing solution to some of the problems 
encountered. Superconducting wire would eliminate heat generation in the 
secondary due to eddy currents and capacitance effects and thus would 
greatly reduce the coil's requirements for thermal anchoring. The 
secondary coil thermal anchors are a basic problem since the capacitive 
shunting they introduce between the two halves of the coil is 
responsible in large part for the frequency sensitivity of the apparatus. 
The use of superconducting wire in the primary would lessen the liquid 
helium loss which at present is caused mainly by the 50 mW power dissi­
pation of the primary coil. Any difficulties arising from the change 
in the liquid helium level in the dewar then would be reduced. 
Although superconducting coils have these apparent advantages it is 
not at all assured that in practice any improvement would be obtained 
since hysteresis losses and problems of trapped flux easily could 
outweigh the advantages. 
The present equipment is suitable for a number of additional 
experiments including the study of anisotropic materials and impurity 
modes, and while thermal expansion measurements of fractional angstrom 
sensitivity are certainly not trivial it is felt that the basic problems 
in the differential transformer technique have been eliminated. 
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APPENDIX A 
The a data points for copper, silver, gold and aluminum are given in 
the following tables. 
The number of significant figures does not indicate the precision 
with which the A-L's [Equation (30)] were measured. One additional signifi­
cant figure has been retained for computational purposes and to show the 
smoothness of the data. 
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= 9.724 cm 
T (K) 
17.188 
19.208 
20.202 
5.569 
6.967 
8.405 
8.405 
9.593 
10.690 
12.660 
13.688 
15.709 
14.519 
14.333 
13.185 
12.010 
11.234 
10.401 
9. 050 
7.778 
6.315 
5.003 
5.003 
4.711 
3.842 
12.225 
15.752 
18.692 
21.152 
23 o 583 
25.553 
26.811 
Copper 
a (k"M 
16.78 
23.87 
28.092 
0.680 
1.23 
2.050 
2.056 
2.960 
4.054 
6.672 
8.483 
12.89 
10.16 
9.772 
7.520 
5.676 
4.703 
3.771 
2.516 
1.637 
0.954 
0.508 
0.516 
0.447 
0.269 
5.982 
12.90 
21.85 
32.779 
46.88 
60.75 
70.95 
= 4.983 cm 
T (K) 
7.414 
8.083 
8.636 
9.152 
9.785 
10.401 
10.817 
17.188 
19.208 
20.202 
Ot (K"') 
1.44 
1.86 
2.23 
2.60 
3.149 
3.845 
4.220 
17.32 
24.61 
28.91 
90 
Si 1 ver 
Run 1 
T (K) a (K"M T (K) a (K"') 
10.401 13.73 (cont. ) 
12.225 22.816 3.491 0.552 
15.709 51.266 2.811 0.32 
18.692 89.320 2.521 0.24 
21.152 129.9 2.670 0,27 
23.583 176.82 3.470 0.541 
25.553 218.98 4.639 1,26 
26.811 247.98 3.705 0.659 
24.608 197.59 4.051 0.851 
21.783 141.5 
20.027 110.4 7.503 5.075 
17.358 70.650 10.401 13.73 
14.097 36.071 12.225 22,805 
15.021 44.486 15.709 51.09 
13.209 29.163 21.152 129.7 
25.553 218.8 
12.701 25.773 
11.188 17.28 
9.531 10.50 
8.329 6.950 Run 2 
6.998 4,145 
5.358 1.91 5.358 1.95 
3.159 0.431 6.998 4.181 
3.907 0.760 8.329 7.035 
6.852 3.900 9.531 10.58 
6.352 3.135 11.188 17.390 
7.749 5.600 18,692 89.40 
8.928 8.608 21,152 130.0 
10.048 12.35 23.583 176.66 
10.690 14.95 
7.414 4.910 
6.598 3.473 
6.016 2.641 
5.716 2.276 
5.007 1.58 
5.912 2.533 
7.236 4.564 
7.503 5.088 
5.640 2.209 
5.123 1.68 
4.782 1.38 
4.256 0.989 
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Gold 
T (K) a (K~^) T (K) a (K" 
10.401 26.067 
(cont.) 
12.225 42.855 
15.709 89.950 6.198 5.581 
18.692 144.79 5.882 4.801 
21.152 196.6 5.569 4.101 
23.583 251.60 5.123 3.231 
25.553 297.00 4.899 2.828 
26.811 326.84 4.691 2.487 
24.608 274.09 
22.374 223.93 2.670 0.483 
20.027 171.7 2.811 0.565 
17.358 118.94 2.159 0.800 
14.097 65.587 3.470 1.04 
15.021 79.345 3.705 1.27 
13.209 53.997 4.051 1.66 
4.256 1.90 
3.907 1.49 4.639 2.442 
4.501 2.209 3.581 1,15 
5.358 3.653 
6.998 7.911 
8.329 13.25 
9.531 19.951 
11.188 32.691 
12.701 47.916 
11,809 38.246 
10.817 29.412 
10.048 23.463 
8.928 16.38 
5.716 4.445 
6.016 5.135 
6.352 6.023 
6.598 6.709 
6.852 7.496 
7.414 9.385 
7.749 10.69 
8.636 14.83 
9.152 17.70 
9.786 21.660 
8.083 12.16 
7.678 10.41 
7.236 8.767 
6.609 6.703 
92 
Alumî num 
T (K) a. (K~M 
10.401 4.297 
12.225 6.375 
15.709 12.20 
18.692 19.795 
21.152 28.516 
23.583 39.866 
25.553 51.33 
26.811 59.94 
26.236 55.89 
24.913 47.21 
24.196 43.44 
22.809 35.93 
21.897 31.64 
20.516 26.05 
13.209 7.715 
14.097 9.164 
17.358 16.04 
20.027 24.121 
19.433 22.196 
18.085 18.013 
16.619 14.216 
14.682 10.15 
13.599 8,332 
12.831 7.185 
11.759 5.773 
11.052 4.978 
9.785 3,727 
9.152 3,171 
7.749 2.157 
6.609 1,51 
5.487 1.04 
7.221 1.843 
8.516 2.667 
6.081 1.28 
4.993 0.868 
4.256 0.639 
3.874 0.550 
4.588 0.742 
5.785 1.16 
6.889 1.664 
7.544 2.022 
4.009 0.582 
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. APPENDIX B 
Smoothed values of a for copper, si lver, gold and aluminum are given 
in the following tables together with values of 0 and y 
The uncertainties given in the arithmetic expressions for a include 
only those due to scatter in the original a data. An additional ± 2% 
uncertainty exists due to possible systematic errors in the data. 
The uncertainties in 7^(T) due to. random errors in the present thermal 
expansion results and the appropriate specific heat data are approximately 
1% for copper, 2% for silver and gold, and 3% for aluminum. The absolute 
values of 7^(T) for each of the materials must include an additional 
uncertainty due to the uncertainties in the bulk modulus data and possible 
systematic errors in the thermal expansion results. 
The sources of the bulk modulus and specific heat data used in the cal­
culation of 7^(T) are given in Table J. 
94 
Copper 
a = [(0.026 ± 0.001 )T + (0.00308 ± 0.00002)7^] x lO'® K"' T < 9» 5 K 
(K) a (10"^ K"') e (K) 
1 343.7 1.94 
2 343.7 1.94 
3 343.7 1.94 
4 344.7 1.94 
5 344.5 1.94 
6 344.6 1.94 
7 344.6 1.94 
8 343.7 1.93 
9 342.8 1.91 
10 3.36 341.9 1.91 
11 4.42 341.1 1.90 
12 5.70 340.3 1.90 
13 7.23 339.2 1.89 
14 9.03 337.7 i.87 
15 11.1 336.0 1.86 
16 13.6 334.1 1.84 
17 16.3 332.1 1.83 
18 19.5 330.0 1.81 
19 23.2 328.0 1.80 
20 27.3 326.1 1.79 
21 31.9 324.3 1.78 
22 37.1 322.6 1.78 
23 42.9 321.0 1.78 
24 49.4 319.6 1.78 
25 56.5 318.3 1.79 
26 64.3 317.1 1.79 
27 72,8 316.1 1.80 
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Si 1 ver 
a = [(0.018 ± 0.003 )T + (0. 011 7 
T (K) a (lo"® K"') 
1 
2 
3 
4 
5 
6 
7 
8 
9 8.80 
10 12.2 
11 16.3 
1 2  2 1 . 5  
13 27.8 
14 35.3 
15 44.1 
16 54.4 
17 66.2 
18 79.4 
19 94.1 
20 no. 
21 127. 
22 145. 
23 165. 
24 185. 
25 207. 
26 229c 
27 252. 
0.0002)T^] X 10® K"' T < 8 K 
8 (K) 
226.6 2.32 
226.6 . 2.32 
226.6 2.32 
226.6 2.32 
226.6 2.31 
226.4 2.31 
225.8 2.29 
224.9 2.27 
223.8 2.27 
222.4 2.24 
221.0 2.23 
219.5 2.22 
217.9 2.21 
216.4 2.20 
214.9 2.20 
213.4 2.19 
212.3 2,20 
211.4 2.20 
210.8 2.21 
210.3 2.21 
209.9 2.21 
209.7 2.22 
209.6 2.22 
209.5 2.22 
209.5 2.23 
209.6 2.24 
209.7 2.24 
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Gold 
a = [(0.008 ± 0.002)7 + (0.0250 ± 0.0004)f ] x 10^ k"' T 0 K 
T (K) Q;(10"^K"') 9 (K) y 
1 0.0330 162.5 3.03 
2 0.214 162.5 3.03 
3 0.686 163.6 3.03 
4 1.58 165.0 3.03 
5 3.01 165.9 3.03 
6 5.10 166.5 3.03 
7 7.96 166.8 3.00 
8 11.8 166.8 2.99 
9 16.8 166.7 2.99 
10 23.1 166.2 2.97 
II 30.9 165.5 2.95 
12 40.4 165.0 2.95 
13 51.5 164.6 2.94 
14 64.3 164.3 2.94 
15 78.8 164.1 2.94 
16 95.0 164.1 2.94 
17 112. 164.3 2.95 
18 131. 164.5 2.95 
19 151. 164.8 2.94 
20 172. 165.2 2.94 
21 193. 165.8 2.95 
22 215. 166.3 2.96 
23 238. 166.9 2.96 
24 261. 167.4 2.96 
25 284. 167.9 2.97 
26 308. 168.5 2.97 
27 331. 169.0 2.97 
97 
Alumi num 
a = [(0.0935 ± Oo 001 ^)T + (0.00325 ± 0.00008)1^] X 10"^ K"' T < 5 K 
T (K) a (10"® k"') e (K) 7 
'V 
1 427.7 3-07 
2 427.7 3.07 
3 428.6 3.09 
4 429.5 3.11 
5 0.868 430.5 3.10 
6 1.24 431.7 3.07 
7 1.72 432.9 3.06 
8 2.32 434.1 3.03 
9 3 . 04 435.3 3.00 
10 3c 90 436.5 2.98 
11 4.91 437.4 2.95 
12 6.09 437.8 2.91 
13 7.44 437.8 2.88 
14 9.00 437.8 2.84 
15 10.8 437.6 2.82 
16 12.8 436.7 2.78 
17 15.1 435.4 2.75 
18 17.8 433.6 2.72 
19 20.7 431.5 2.68 
20 24.1 429.1 2.65 
21 27.9 426.2 2.62 
22 32.2 
23 36.9 
24 42.1 C data not available 
25 47.9 
26 54.3 
27 61.3 
